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Abstract

In the present paper, we study timelike surfaces free of minimal points
in the four-dimensional Minkowski space. For each such surface we introduce
a geometrically determined pseudo-orthonormal frame field and writing the
derivative formulas with respect to this moving frame field and using the inte-
grability conditions, we obtain a system of six functions satisfying some natural
conditions. In the general case, we prove a Fundamental Bonnet-type theorem
(existence and uniqueness theorem) stating that these six functions, satisfying
the natural conditions, determine the surface up to a motion. In some particular
cases, we reduce the number of functions and give the fundamental theorems.
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1. Introduction. In the local theory of surfaces in Euclidean and pseudo-
Euclidean spaces, one of the basic problems is to determine the surface by a system
of some functions satisfying some differential equations. This is the fundamen-
tal Bonnet-type theorem giving the natural conditions under which the surface is
determined up to a motion. In the Euclidean space R*, the general fundamen-
tal theorem states that each surface free of minimal points is determined up to
a motion in R* by eight invariant functions satisfying some natural conditions
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(differential equations) [1]. For the class of minimal surfaces in R?, the number of
the invariant functions and the number of the differential equations determining
the surfaces are reduced to two [2]. The surfaces with parallel normalized mean
curvature vector field are determined uniquely up to a motion by three invariant
functions satisfying a system of three partial differential equations [3].

Similar results hold for spacelike surfaces in the Minkowski 4-space ]R‘ll. The
local theory of spacelike surfaces in Rlll whose mean curvature vector at any point
is a non-zero spacelike vector or timelike vector, is developed in [4]. This class of
surfaces is determined up to a motion in R‘ll by eight invariant functions satisfying
some natural conditions. Spacelike surfaces in R} whose mean curvature vector
at any point is a lightlike vector are called marginally trapped surfaces. These
surfaces were defined by PENROSE [5] in order to study the global properties of
spacetime and play an important role in the theory of cosmic black holes. Re-
cently, marginally trapped surfaces satisfying some extra conditions have been
studied intensively from a mathematical viewpoint [6-8|, etc. The invariant the-
ory of marginally trapped surfaces is developed in [9], where it is proved that the
marginally trapped surfaces in ]R‘ll are determined up to a motion by seven invari-
ant functions. Maximal spacelike and minimal timelike surfaces in R} are studied
in [10] and [11], respectively, and it is proved that their geometry is determined by
two invariant functions, satisfying a system of two partial differential equations.

In the present paper, we study timelike surfaces free of minimal points in the
Minkowski 4-space Rj. For each such surface we introduce a pseudo-orthonormal
frame field {x,y,ni,n2}, which is geometrically determined by the two lightlike
directions in the tangent space of the surface and the mean curvature vector field
H. We call this pseudo-orthonormal frame field a geometric frame field of the sur-
face. Writing the derivative formulas with respect to the geometric frame field and
using the integrability conditions, we obtain a system of six functions satisfying
some differential equations (natural conditions). We prove a Fundamental Bonnet-
type theorem stating that, in the general case, these six functions, satisfying the
natural conditions, determine the surface up to a motion in R} (Theorem 3.2).
Then we give the fundamental theorems in some particular cases (Theorem 3.3
and Theorem 3.4).

2. Preliminaries. Let R} be the four-dimensional Minkowski space endowed
with the standard flat metric (-,-) of signature (3,1) given in local coordinates by
da? 4 da3 4 dx3 — dx3. The considerations in this paper are local and all functions
are supposed to be of class C*.

Let M? = (D, 2) be a surface in R}, where D € R? and z: D — R{ is an
immersion, i.e. M? is locally parameterized by M?: z = z(u,v), (u,v) € D.

A surface M? in R} is said to be:

o timelike, if the restriction of (-,-) to each tangent space of M? is indefinite;

e spacelike, if the restriction of (-,-) to each tangent space of M? is positive
definite;
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e lightlike, if the restriction of (-,-) to each tangent space of M? is degenerate.

This paper is devoted to the study of timelike surfaces in R}, so (-,-) induces
a Lorentzian metric g on M?2.

We denote by V and V the Levi-Civita connections on ]R‘l1 and M2, respec-
tively. So, we have the following formulas of Gauss and Weingarten

ny = vazy + O'(x, y),
Vob = —Agx + Dy,

where z and y are vector fields tangent to M? and ¢ is a normal vector field. These

formulas determine the second fundamental tensor o, the normal connection D

and the shape operator A¢ with respect to . In general, A¢ is not diagonalizable.
The mean curvature vector field H of M? is defined as

H= 1 tro.
2
If the mean curvature vector vanishes identically, i.e. H = 0, the surface is called
minimal.

It is well known that for a timelike surface M? in R‘f, locally there exists a
coordinate system (u,v) such that the metric tensor g of M? has the following
form [12]:

g =—f*(u,v)(du @ dv + dv @ du)

for some positive function f(u,v). We suppose that z = z(u,v), (u,v) € D is such
a local parametrization on M?2. Then, the coefficients of the first fundamental
form are

E= <Zu7zu> =0, F= <ZUazv> = _fQ(ua U)7 G= <ZU,ZU> =0,

o : : 0z
where z, and z, denote the derivatives of the vector function z(u,v), i.e. z, = W
u
0z .
zy = —. Since (zy,2,) = 0 and (z,,2,) = 0, the parameters (u,v) are called

ov

isotropic parameters of the surface.

Let us consider the pseudo-orthonormal tangent frame field of M? defined by
x = zy/f, y = 2z/f. Obviously, (z,z) =0, (x,y) = —1, (y,y) = 0. Hence, the
mean curvature vector field H is given by

H = —0o(z,y).

Since we consider surfaces free of minimal points, i.e. H # 0 at all points, we
can choose a unit normal vector field ny which is collinear with H, i.e. H = vny
for a smooth function v = ||H||. Then, o(x,y) = —vn;. We consider the unit
normal vector field ng such that {nj,na} is an orthonormal frame field of the
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normal bundle (ns is determined up to orientation). So, we can write the following
formulas for the second fundamental tensor o:

0—<$7$) = Alnl + Himng,
(2.1) o(x,y) = —vny,

o(y,y) = Aan1 + pang,

where Ay, (1, A9, e are smooth functions defined by:

A= (Voz,n),  p1 = (Vez,ng), A= (Vyy,n1), p2 = (Vyy,na).

Having in mind that @ = z,/f, y = z,/f and using (zy,zy) = 0, (2y,2) =
—f2(u,v), (24, 20) = 0, after differentiation we obtain:

Vex = ;1;:(},
Vay = —ff;y,
(2.2)
V,z = —&x
) fQ ’
Vyy = ]J:;Z/

Denoting v1 = fu/f* = z(In f) and 7o = f,/f* = y(In f), from (2.1) and (2.2) we
obtain the following derivative formulas:

ﬁgca; =Mz 4+ Ain1 + pineg,
6 = —Y1Y —vni,
23 Vay MYy
Vyr = —yw —vng,
%y = Yy + Aan1  + pana.

For the normal frame field {n;, n2} by use of (2.3) we can derive the formulas:

Veni = —ve +\y +B1n2,
(2.4) ?ynl =Xz vy +B2nz,

Vang = +p1y — Bina,

Vyng = psx — Bani,

where 51 = <%In1,n2> and By = (%ynl,m).

Remark 2.1. The pseudo-orthonormal frame field {z,y,n1,n2} is geomet-
rically determined: z, y are the two lightlike directions in the tangent space
(determined up to notation); ny is the unit normal vector field collinear with the
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mean curvature vector field H; ng is determined by the condition that {ni,na} is
an orthonormal frame field of the normal bundle (ng is determined up to a sign).
We call this pseudo-orthonormal frame field {z,y,ni,na} a geometric frame field
of the surface [13].

Formulas (2.3) and (2.4) are the derivative formulas of the surface with respect
to the geometric frame field {x,y,nq,no}.

The functions 87 and [ characterize the class of surfaces with parallel mean
curvature vector field. In [13|, we proved that:

e The timelike surface M? has parallel mean curvature vector field if and only
if 51 = B2 = 0 and v = const.

e The timelike surface M? has parallel normalized mean curvature vector field
if and only if 81 = B2 = 0 and v # const.

In the present paper we study timelike surfaces in R‘ll with ﬁ% + Bg #0.

3. Fundamental theorems. Let M?: z = z(u,v), (u,v) € D, D C R? be
a local parametrization with respect to isotropic parameters on a timelike surface
M? in R} and {z,y,n1,n2} be the geometric pseudo-orthonormal frame field
introduced above.

Since the Levi-Civita connection V of R is flat, we have

(31) é(l‘a Y, IE) = 07 §($7y7y) = O> E(gj7y>n1) = 07 R(l'ayanQ) = Oa

where

E(:E, Y,z) = %xﬁyz — %yﬁmz = Vigy?

for arbitrary vector fields x, y, z. Using (3.1) and the derivative formulas (2.3)
and (2.4), we obtain the following integrability conditions:

) z(A2) +y(v) + 27102 — p2f1 = 0,

) z(v) +y(A1) + 27271 — B2 = 0,

) x(p2) + 2y1p2 +vB2 + A2 = 0,

) y(p1) +2vop1 +vB1 + M2 =0

) z(72) + y(n) + 27172 — v + Mide + pape = 0,
) x(B2) — y(B1) + p1A2 — Adrp2 + 7182 — 261 = 0.

Remark 3.1. If we assume that both p; and uo are zero functions, i.e.
pi(u,v) = 0 and po(u,v) = 0 for all (u,v) € D, then the surface consists
of inflection points, i.e. at each point p € M? the first normal space Im op =
span{o(z,y): =,y € T,M?} is one-dimensional. In such case, the surface is de-
velopable or lies in a 3-dimensional space [14].
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So, further we consider timelike surfaces in R‘ll that are free of inflection points,
i.e. we assume that p? 4+ p3 # 0 at least in a sub-domain Dy of D. Without loss of
generality we may assume that p # 0. We will consider separately the two cases:

I. 11 # 0 and po # 0 in a sub-domain;
II. p1 # 0 and po = 0 in a sub-domain.

Case I. py # 0 and pg # 0 in a sub-domain.
In this case we call the surface a timelike surface of first type.
From (3.2) and (3.3) we express the functions 3; and (2 as follows:

1 1
(3.8)  Bi= I (33()\2) +y(v) + 271>\2), P2 = Z(ﬂl/) +y(A) + 272)\1)'
1 1 w v
Having in mind that z = f;u’ Yy = f(‘i) and vy = chz’ Yo = :;2, from (3.8) we
obtain
1

= m((AQ)u + v, + )\2(1nf2)u>, P = fj“ <1/u + (Ao + A1(In f2)v)-

Hence, the functions 51 and (s are expressed by f, v, A1, Ag, p1, po. So, we have
six functions f, v, A1, Ao, @1, po satisfying the following four equations, which are
derived from (3.4), (3.5), (3.6), and (3.7), respectively:

1

2v
08+ g8+ (08 +48) + 200+ =2 (v - )y 2 lin 2),) =0,

2
OF + e+ (n 008 +40) + 2200+ = () v+ lin £2)) =0,

K2
2ffuv - 2fufv
f4
(/111)‘2 - :UJQ)‘I) (f2M1M2 - (ln f2)uv) + Vyupt2 — Vyp i1 + (Al)uvﬂ2 - (/\Q)wuﬂl

+ MiAg + pipig — 2 =0,

T pa)ulin 72)y — i (Ag)(in 1), — “:) (v + (\)o + Aa(in £2),)

+ ,Uflifj)v ((>\2)u + vy + )\2(ln f2)u) =0.

Now we can give the fundamental theorem:
Theorem 3.2. Let f(u,v) >0, I/(U,U), )\1(U7v)7 H1 (U, U)7 )‘2(u77})7 MQ(U)U);
pi e # 0 be siz smooth functions, defined in a domain D, D C R?, and satisfying
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the conditions

(3.9)

. 2
(1) (A3 +13)u + (In fH)u(A3 + 13) + 20ovy + M‘f (v + (M)o + M (In £2),) = 0,

2vp
K2

(i) (AT + D)o + (0 fHo(A + p3) 4+ 2A10 + ((A2)u + v + Ao(In f2),) = 0,

2 uv_2uv
(111) w +)\1>\2+‘LL1/1/2 *VQ = 0,

(iv) (A2 — A1) (f2pape — (0 f2)uw) + vauttiz — Veotin + (A1) uvttz — (A2)uvia
i)l )0 — i (Aa)o(in ) — “ij” (v + (Ao + Ml 1))

—l—'ul(u'l;z)v (()\g)u + vy + A2(In fQ)u) =0.
If {z0,y0, (n1)0, (n2)o} is a pseudo-orthonormal frame at a point py € RY, then
there exists a subdomain Dy C D and a unique timelike surface of first type
M?%: 2 = z(u,v), (u,v) € Dy, parameterized by isotropic parameters, such that
M? passes through pg, and {xo,yo, (n1)o, (n2)o} is the geometric frame of M? at
Po-

Proof. Using the given functions we define vy = fu/f27 Y2 = fv/f2> B =
(A2)u + v + A2(In f2),, g, = (A)o + Ai(In f2),

M1
system of partial differential equations for the unknown vector functions x =
z(u,v), y = y(u,v), ny = n1(u,v), no = ng(u,v) in R}:

and consider the following

Ty = f(m12 + Ain1 + ping) Ty = f(—=72x — vnq)
(3.10) Yu = f(=my —vm) Yo = f(72y + Aang + pans)
' (n1)u = f(—va + My + Sing) (n1)y = f(Aox — vy + Bana)
(n2)u = f(py — Bim) (n2)y = f(p2x — Ban1).
For convenience, we denote
T o0 Ao ¥ 0 —v 0
o y . 0 -7 —V 0 o 0 Y2 )\2 U2
W= ny A= v A\ 0 B’ =17 Ao —v 0 [
n9 0 m —p 0 p2 0 =B 0
Then, system (3.10) can be written in the following matrix form:
Wy =AW,
(3.11)
W, = BW.
The integrability conditions of system (3.11) are Wy, = Wy, 1.€.
af  Oby = k_ 3k .
(3.12) av—8u+_(agbj—bgaj):o, ik=1,...,4,

J=1
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where by ag and bg (i, =1,...,4) we denote the elements of the matrices A and
B, respectively. Taking into consideration the conditions given in (3.9), one can
check that equalities (3.12) are fulfilled. Hence, there exists a subdomain D; C D
and unique vector functions x = z(u,v), y = y(u,v), n1 = ni(u,v), ng = na(u,v),
(u,v) € Dy, which satisfy system (3.10) and the initial conditions

z(ug,vo) = xo, ¥Y(uo,v0) = Yo, n1(ug,v0) = (n1)o, n2(uo,v0) = (n2)o.

In order to prove that the vector functions x(u,v), y(u,v), ni(u,v), n2(u,v) form
a pseudo-orthonormal frame in R7 for each (u,v) € Dy, we consider the functions:

hl = <SC,I>, h3 = <’I’L1,TL1> - 17 h5 - <x,y) + 17 h7 — <[L‘,TLQ>, h9 — <ya n2>,
ho = (y,y), ha=(ng,n2) —1, he= (x,n1), hg = (y,n1), hio = (n1,na2),

defined for (u,v) € D;. Having in mind that x(u,v), y(u,v), ni(u,v), na(u,v)
satisfy (3.10), we obtain the system

Oh;
ou

ﬁ:mghj; i=1,...,10,

(3.13) = k! hj,

where kg, mg, i,7 = 1,...,10 are functions of (u,v) € D;. System (3.13) is a
linear system of partial differential equations for the functions h;(u,v), satisfying
the conditions h;(ug,v9) = 0 for all ¢ = 1,...,10, since {xg, yo, (n1)o, (n2)o}
is a pseudo-orthonormal frame. Therefore, h;(u,v) = 0, i = 1,...,10 for each
(u,v) € Dy. Hence, the vector functions z(u,v), y(u,v), ni(u,v), na(u,v) form a
pseudo-orthonormal frame in E} for each (u,v) € Dy.

Now, we consider the following system of PDEs for the vector function z(u, v):

zZw=fx

(3.14) S

Using (3.9) and (3.10), one can check that the integrability conditions zy, = zyy
of system (3.14) are fulfilled. Consequently, there exists a subdomain Dy C Dy
and a unique vector function z = z(u,v), (u,v) € Dy, satisfying z(ug, v9) = po.
Finally, we consider the surface M?2: z = z(u,v), (u,v) € Dy. Obviously,
M? is a timelike surface in R} parameterized by isotropic parameters (u,v), since
(zus 20) = 0, (24, 2) = 0, (2, 20) = —f2(u, ). O
Case II. p1 # 0 and pz = 0 in a sub-domain.
In this case, we have the following subcases:

(a) )\2 75 0;
(b) As = 0.
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Subcase II (a). A2 # 0.

In this subcase we call the surface a timelike surface of second type.

Now, using the integrability conditions under the assumptions pus = 0 and
A2 # 0, we obtain the following expressions for the functions 1 and [s:

B2 = - (a(v) + 9() + 20201) = T+ () + (i 2 0),

B = _VAB; - _f,ui)\z (v + (M) + (In f2)y 1)

and the next four equations:

()\2)u + vy + (ln f2)u)\2 = 07
2ffuv - 2fufv
f4
2 _
() + (P = =2+ (), + (0 ) =
>\2 (Vuu + (Al)uv + (Al)u(ln f2)v + )\1 (ln fQ)uv)
+v (Vuv + ()\l)fuv + ()\l)v(ln f2)v + )‘l(hl fZ)fuv) + fQ/J'%)‘%

— (vu+ (Ao + M0 £2),) Qa(In )y + v — v(In )y — v(In|Ag]),) = 0.

— (1/2 — )\1)\2) == 0,

Finally, we can formulate the fundamental theorem in this subcase:

Theorem 3.3. Let f(u,v) > 0, v(u,v), A\(u,v), pi(u,v), Aa(u,v) # 0,
be five smooth functions, defined in a domain D, D C R?, and satisfying the
conditions

(1) (A2)u + v + (In f2)u)\2 = 0;

2 _
(i) (), + (1 P = 22,
(111) 2ffuvf_42fufv o (1/2 o )\1)\2) — 0;
(iV) )\2 (Vuu + (/\1)uv + (Al)u(ln f2)v + )\l(ln fz)uv)
+v (Vuv + ()\l)vv + ()\l)v(ln fz)v + )\1(111 fz)vv) + fQM%)\%
- (Vu + (A1)o + Al(lnfz)v) (Ae(Infpa ) + v — v(In|p1|)y — v(InfA2]),) = 0.

+ (M)o + (0 f2)y A1) = 0;

If {xg, 0, (n1)o, (n2)o} is a pseudo-orthonormal frame at a point py € R}, then
there exists a subdomain Dy C D and a unique timelike surface of second type
M?: 2 = z(u,v), (u,v) € Dy, parameterized by isotropic parameters, such that
M? passes through po, and {xo,yo, (n1)o, (n2)o} is the geometric frame of M? at
Po-

1
Proof. Let us denote 8; = (Vu+ (Mo + (In fAA1), Bo = — (v +

v
A
0 g B ) f“i2 , e i
Do + (In 7)), 1 = fu/f7, 72 = fo/ [, and consider the following system
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of partial differential equations for the unknown vector functions z = z(u,v),
y = y(u,v), ny = ni(u,v), ng = na(u,v) in R}:

Ty = f(mx+ Aing + ping) Ty = f(—yz —vng)
' (n1)u = f (=vo + Ay + Binz) ( 1o = f (2w — vy + fang)
(n2)u = f (p1y — Bin1) (n2)y = f(—Pan1).
We denote
x m 0 Ao -y 0 —v 0
|y _ 0O —m —-v 0 B 0 v X 0
W= ny |’ A=T v A\ 0 B’ B=1J Ao —v 0 B
9 0 M1 —51 0 0 0 —ﬁz 0

and rewrite system (3.15) in the matrix form:

Wy = AW,
Wy = BW.

Further, the proof of the theorem follows the steps in the proof of Theorem 3.2. [
Subcase II (b). A2 = 0.
We call the surfaces satisfying pus = 0 and Ao = 0 timelike surfaces of third

type.

In this subcase, under the assumption Ay = po = 0 from the integrability
conditions we obtain that v = v(u), B2 =0, 1 = — ((u1)v + 1 (In fQ)U) Jvf and
the following three equations:

(3.16) Vu+ (A)o + Ai(In %), =0,

()ow + ()10 F)o 4 g (10 )
2f fuv = 2fufs _
[

The last equality implies that the function v is expressed by the function f and
its derivatives as follows:

(3.17) V=f"(nf?),,

Hence, the function f~2 (ln f2)lw depends only on the parameter u, since v =
v(u). Using (3.17) we can write equality (3.16) in the form:

(3.18) ugv+xumf%v+<f”(mf%w) =0
u
Now, we can give the fundamental theorem in this subcase.
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Theorem 3.4. Let f(u,v) > 0, A\i(u,v) and pi(u,v) be three smooth func-
tions, defined in a domain D, D C R?, and satisfying the conditions

Q) (f?(ns?),,),=0
(i) (Ao + Aa(in f2), + <f‘1 (nf2), )
(iii) (Ml)vv + (:U’l)v(lnf ) +N1(1nf )U’U ==

If {x0, 0, (n1)0, (n2)o} is a pseudo-orthonormal frame at a point py € RY, then
there exists a subdomain Dy C D and a unique timelike surface of third type
M?: 2 = z(u,v), (u,v) € Dy, parameterized by isotropic parameters, such that
M? passes through po, and {xg,yo, (n1)o, (n2)o} is the geometric frame of M? at
the point pg.

Proof. Let us denote

f b
f27 T2 = f2a

and consider the following system of partial differential equations for the unknown
vector functions = = z(u,v), y = y(u,v), n1 = ny(u,v), ng = ng(u,v) in R:

v=f0 g2, B = — (0 f2)w) "2 (()otp(n f2)) ) 11 =

Ty = f (712 + Mng + ping) xy = f(—=v2x —vny)
Yu = f (=ny —vn1) Yo = fr2y

(n1)u = f (=ve + My + Binz) (n1)y = —fry

(n2)u = f (my — fina) (n2), = 0.

Further, the proof of the theorem follows the steps in the proof of Theorem 3.2. [
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